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Abstract. One of the main purposes of this paper is to prove that on a complete Kahler 
manifold of dimension m, if the holomorphic bisectional curvature is bounded from below by 
-1 and the minimum spectrum Ai(M) > m 2 , then it must either be connected at infinity or 
isometric to R X N with a specialized metric, with N being compact. Similar type results are 
also proven for irreducible, locally symmetric spaces of noncompact type. Generalizations to 
complete Kahler manifolds satisfying a weighted Poincare inequality are also considered. 
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§0 Introduction 

One of the purposes of the current paper is to continue our study of Kahler manifolds 
whose holomorphic bisectional curvature is bounded from below by —1, while the greatest 
lower bound of its spectrum is bounded from below by a positive constant. For a complete 
Kahler manifold M m of complex dimension m, the holomorphic bisectional curvature BKm 
is said to have the lower bound BKm > — 1 if 



Rfifi >-(! + *, 



10 / 



for all unitary frames {ei, e2 . . . , e m }. Under the assumption that BKm > — 1, the authors 
proved in [L-W3] a comparison theorem for the Laplacian of the distance function, and as 
a consequence (Corollary 1.10 of [L-W3]), they established that 
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Ai(M) < m 2 , 

where Ai(M) is the greatest lower bound for the i 2 -spectrum of the Laplacian acting on 
functions. This theorem can be viewed as an analogue to Cheng's theorem [C] for Kiihlcr 
manifolds. In the same paper, they also considered the equality case of this estimate on 
Ai (M) and obtained some partial results concerning the connectedness at infinity for com- 
plete Kahler surfaces. Here, we prove a more complete result that holds for all dimensions. 

Theorem A. Let M m be a complete Kahler manifold of complex dimension to > 2 with 
holomophic bisectional curvature bounded by 

BK M > -1. 

If Xi(M) = to 2 , then either 

(1) M is connected at infinity; or 

(2) M is diffeomorphic to R x N with N being a compact compact. Moreover, M is 
covered by the complex hyperbolic space CM m if M has bounded curvature. 

In the process, we also show the following theorem. 
Theorem B. Let M m be a complete Kahler manifold with its Ricci curvature satisfying 

Ric M > -2(m+ 1). 

If Ai (M) > m 2 1 , then M must have only one infinite volume end. 

We would like to point out that according to our normalization in [L-W3] , the assumption 
that BK M > -1 implies that Ric M > -2(m+ 1). Also, the lower bound for \\{M) in 
the theorem is best possible as one can find counterexample of the form M = ExiV, where 
jym-i j g a com p ac t Kahler manifold and S a complete Riemann surface with more than 
one infinite volume ends. These examples motivate us to propose the following conjecture. 

Conjecture C. Let M m be a complete Kahler manifold with Ricci curvature satisfying 

Ric M > -2(m+ 1) 

and 

A 1( M)>^±1 

Then either 

(1) M has only one infinite volume end; or 

(2) it is the total space of a holomorphic fiber bundle N — > M — ► E, with compact totally 
geodesic fiber N, over a complete Riemann surface S. Moreover, \\{M) = m ^-. 

While these results were motivated by the authors earlier studies, [L-Wl] and [L-W2] , on 
Riemannian manifolds where they gave a rather complete picture of similar type theorems, 
it should be noted that different type of arguments are required here. It turns out the new 
approaches can be adapted to deal with more general manifolds. In particular, we have an 
analogous result to Theorem A for locally symmetric spaces. 



CONNECTEDNESS AT INFINITY 



3 



Theorem D. Let M be an irreducible locally symmetric space covered by an irreducible 
symmetric space of noncompact type M = G/K. Suppose \\{M) = Ai(M). Then either 

(1) M is connected at infinity; or 

(2) it is isometric to R x N with N being a compact quotient of the horosphere of M. 

Many of the aforementioned results can be generalized to complete Kahler manifolds 
satisfying a weighted Poincare inequality as considered in [L-W4] for the Riemannian case. 
One then only requires a pointwise lower bound on the curvatures as opposed to a global 
one. Let us recall the following definition. 

Definition E. A complete manifold is said to have property (P p ) if there exists a positive 
function p such that 

[ P{x)4>{x)< [ |V0| 2 (x) 
Jm Jm 

for all compactly supported smooth function <f>. Moreover, the conformal metric 

ds 2 p = pds 2 M , 

given by multiplying the Kahler metric ds 2 M on M by p, is also complete. 

The paper is arranged as follows. In §1, we prove Theorem A. In §2, we give a systematic 
treatment of more general manifolds in the spirit of §1. An important consequence is 
Theorem D, which deals with arbitrary irreducible locally symmetric spaces of noncompact 
type. 

In §3 and §4, we assume that the complete Kahler manifold satisfies property (V p ). As 
pointed out in [L-Wl] and [L-W2], by a scaling argument, the pair of conditions 

fry -L 1 

Ric M > -2(m + 1) and Ai(M) > — j— 
is equivalent to the pair of conditions 

Ric M > - Al ^ M ) and Ai(M)>0. 

Written in this form, we can consider the analogue of Theorem B for complete Kahler 
manifolds with property (V p ). In fact, Theorem 3.1 established that if M satisfies 

RicM > 

and if 

p(x) — > as x — > oo, 

then M must have at most 2 nonparabolic ends. 1 Theorem 3.2 deals with more general 
weight function p and contains Theorem B as a special case. Note that when Ai(M) > 



1 We would like to point out that recently Munteanu [M] improved the conclusions of Theorem 3.1 and 
showed that M has only one nonparabolic end. 
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then an end being nonparabolic is equivalent to having infinite volume. So this is indeed an 
analogue of Theorem B. 

In §4, we consider the anaolgue of Theorem A for complete Kahler manifolds with prop- 
erty (V p ), where p is a nonconstant function in contrast to the situation in §1. In Theorem 
4.1, we show that if 

(0.1) BK M > — % 

and if 

p(x) — > as x — > oo, 

then M must have at most 2 ends providing m > 3, and M has at most 4 ends if m = 2. 2 
At this point, we would like to point out that the assumption on BKm can be relaxed by 
only assuming that 

f? - - > —1 

iijj — 

for all i 7^ j. In other words, we only need to assume a lower bound on the holomorphic 
bisectional curvatures but not the holomorphic sectional curvatures. We also point out that 
we do not know how to deal with the case of general Kahler manifolds with property (V p ) 
when p is not assumed to vanish at infinity. On the other hand, we expect that as in the 
(real) Riemannian case [L-W4], it is difficult to find manifolds satisfying (0.1) and p — > oo 
at infinity. 

§1 Kahler manifolds with maximum Ai 

In this section, we concentrate on the proof of Theorem A. Adopting a similar notation 
as in [L-W3], we say that the Kahler manifold M has holomorphic bisectional curvature 
bounded from below by — C for a constant C > 0, written as 

BK M (x) > -C, 

if its curvature tensor written in any unitary frame {ei, . . . , e m } satisfies the bound 

Ru fj (x)> -0(1 + 5^) 

for all x <G M and 1 < i,j < m. Theorem A can now be stated in a more detailed manner. 

Theorem 1.1. Let M m be a complete Kahler manifold of complex dimension m > 2 with 
\\(M) > 0. Suppose the holomorphic bisectional curvature of M is bounded from below by 

BK M (x) > -hliMl 



for all x G M. Then either 

(1) M has only one end; or 



2 Muntcanu [M] also improved this theorem by showing that M has only 1 end when m > 3. 
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(2) M is isometric toM.x N with metric 

2m 

ds 2 M = dt 2 + exp(-4i) u\ + exp(-2i) ^ ^ 

where {u 2 , ■ ■ ■ , u>2m} * s an orthonormal coframe for a compact manifold N. If{e\, . . . , e2 m }| 
is the orthonormal frame dual to {dt,uj 2 , ■ ■ ■ ,^2m} with e\ — J^, then Je\ = e 2 . 

In the event that M has bounded curvature, N must be given by a compact quo- 
tient of the Heisenberg group. Moreover, M is isometrically covered by the complex 
hyperbolic space CH m . 

Proof. By a rescaling of the metric, the assumption on the holomorphic bisectional curvature 
is equivalent to the pair of assumptions 

BKm (x) > -1 

and 

Ai(M) > m 2 . 

For convenience sake, we will use this normalization for the purpose of our proof. According 
to Theorem 3.2 of [L-W3], we know that M has exactly one nonparabolic end E\. If M 
has another end, E 2 , then it must be parabolic. Let p e M be a fixed point such that 
the compact set B p (Ro) separates the ends E\ and E 2 , i.e., E\ and E 2 are two disjoint 
connected components of M \ B p (R ). Let 7 : [0, 00) — > M be a geodesic ray satisfying 
7(0) = p and -f(t) — > E 2 (oo), with E 2 (oo) being denoted as infinity of the end E 2 . We define 
the Busemann function j3 with respect to 7 by 

(3{x) = lim (i-r(a;,7(t))). 

t^oo 

The comparison theorem (Theorem 1.6) of [L-W3] asserts that 

Ar(x,j(t)) < 2(m- l)coth(r(a;,7(i))) + 2coth(2r(z,7(f))). 
Taking t — > 00, we conclude that 

A/3 > -2m. 

For any point x G M, let us consider the geodesic segment r t joining x = r t (0) to 7(t). 
Letting f — > 00, the sequence r t converges to a geodesic ray emanating from x = t(0) to 
E 2 (oo). In particular, for a fixed s > and a fixed e > 0, by taking sufficiently large t, we 
have 

r(T t (s),T(s)) < e. 

Hence, by triangle inequality, 

P(t(s)) - /3(r(0)) = lim (r(r(0), 7 (*)) - r(r(«), 7 (t))) 

= lim (r(r(0), 7 (t)) - r(r t (s), 7 (i)) + r(r t (s), 7 (i)) - r(r(s), 7 (t))) 

> lim (r(T(0), 7 (t)) - r(T t («),7(t)) - r(r t (s),r(s))) 

> lim (r(T(0), 7 (t)) - r(T t (*), 7 (t))) - e 

= S — 6. 
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Since e is arbitrary, we conclude that 

(1-1) 0{t{s)) - /3(r(0)) > s. 

However, it is also clear that 

|/3(r( S ))-/3(r(0))|<r(r( S ),r(0)) 

= s, 

hence ft is Lipschitz with Lipschitz constant 1, and (1.1) implies that, in fact, 

(1.2) |V/3| = 1 

almost everywhere. In particular, if we define the function / = exp(m/3), then 

(1.3) Af = mfA(3 + m 2 f\Wp\ 2 

> -m 2 f. 

Also, note that (1.1) asserts that /3 when restricted to r is a linear function with unit 
gradient. If x is in M\B p (Ro) but not in E 2l say x G E\, then r must pass through B p (R ). 
Let us denote y to be the first point on r that intersects B p (Ro), then (1.1) implies that 

/3(y) - (3(x) > r(y,x). 

Hence 

sup 0(y)- inf r(y,x)>0(x), 

yGBp(-Ro) y£B p (R ) 

and combining with (1.2), we conclude that, when restricted on E\, —fi is equivalent to the 
distance function to the set B p (R ). 

At this point, we would also like to point out that by tracing the proof of the comparison 
theorem in [L-W3] , we actually proved that 

rn < \ coth(2r) 

and 

r aa < -coth(r) for a^l, 
where we have taken unitary frame {u\, U2, • ■ • , u m } with 

Wl = I (Vr - V^lJVr) . 

Hence, using the same notation as in the above discussion, we conclude that 

(1.4) (3 a > ~ for all 1 < i < m, 
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where {ui} is a unitary frame with 

«i = \ (r'(0) V^lJr'(O)) . 

In particular, writing in terms of a real orthonormal frame {ei, e^, ■ ■ ■ , e,2m\ with e\ = r'(0), 
e 2 = Jei, and e 2 k = Jzik-\ for 1 < fc < m, then, (,%), the real hessian of (3 will satisfy 

(1.5) /3n=0 

since j3 restricted on r is linear with gradient 1. Also, (1.4) implies that 

(1-6) /?(2fc-i)(2fc-i) +/3(2fc)(2fe) > -2 

for all 1 < k < m. In particular, we conclude that 
(1.7) P22 > -2. 

We now claim that inequality (1.3) is indeed an equality. To see this, we apply the 
Poincare inequality after multiplying both sides of (1.3) by 4> 2 /, where is a compactly 
supported nonnegative cut-off function. Integrating by parts, we conclude that 



(1.8) 



Ai(M) 



Z, 2 f < 



M 



M 



J 



|V(^/)| 2 



(.2 t 2 



JM 



< M 

b 2 f(Af + m 2 f). 



We only need to justify that the first term of the right hand side tends to for an appropriate 
sequence of cut-off function, then the hypothesis on Ai (M) will imply that 



/. 

JM 



/(A/ + m 2 /) = 0. 



For R> R , let us now choose <fr to be 



(j>{x) = < 



1 

2R-r(x) 
R 




on 



B p (R) 



on B p (2R)\B p (R) 
on M\B p (2R). 



The first term on the right hand side of (1.8) becomes 

(1.9) / |V0| 2 / 2 = i?- 2 f f + R- 2 f f. 

JM J (B p (2R)\B p (R))nE 2 J (B P (2R)\B P (R))\E 2 
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To estimate the first term, we use (1.2) for / on E 2 and Theorem 2.1 of [L-W3] to obtain 

[R] 



(i-io) / / 2 = E/ 

JB„(2R)\B„(R)nE 2 „-_i J(E 



I B p (2R)\B p (R)nE 2 j=1 J (B p (R+i)\B p (R+i-l))nE 2 



[R] 

< E e2m(fl+i) (v^ + \ ^ + i - 1)) 

i=l 

[«] 

<^C 2 e 2"i(H+') e -2m(fl+i-l) 
i=l 

<C 3 i?. 

To estimate the second term on the right hand side of (1.9), we use the fact that — (3 is 
equivalent to the distance function to B p (Rq) on the other ends and Corollary 1.7 of [L-W3] 
and get 

r m r 

(i.n) / / 2 <E/ f 2 

J (B P (2R)\B P (R))\E 2 i=1 J (B p (R+i)\B p (R+i-l))\E 2 

[R] 

< d e - 2m («+ 1 - 1 ) e 2m (B+') 
1=1 

< C 5 R. 

Combining (1.9), (1.10), and (1.11), we conclude that 

/ |V0| 2 / 2 <C 6 R~\ 
Jm 

Letting R — > oo, we conclude our assertion and 

A/ = -m 2 /. 

In particular, all the inequalities, including (1.6) and (1.7), being used to prove (1.3) are 
equalities and / must be smooth. This implies that (3 is smooth with |V/3| = 1 and A/3 = 
—2m. So M is topologically R x N where N is diffeomorphic to the level set of (3. Since M 
is assumed to have two ends, N must be compact. 
Let us now consider the Bochner formula 

A| V/3| 2 = 2Ric M (V/3, V/3) + 2<V/3, VA/3) + 2 ]T /3 2 . 

Since |V/3| 2 = 1, using the assumption on the curvature and A/3 = —2m, we conclude that 

(1.12) 0>-4(m+l) + 2^/3 2 . 

hi 
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Applying (1.5), the equality versions of (1.6) and (1.7), we can estimate 

m— 1 

^ Pij > X! @ii - ^22 + X! (^(2fe+l) (2fe+l) + P(2k+2) (2fe+2)) 
i fe+1 

^ m— 1 

> 4 + g X! (^(2fc+l) (2fe+l) + /5(2fe+2) (2fe+2)) 2 
fc=l 

= 4 + 2(m-l) 
= 2(m + l). 

Hence, combining with (1.12), we conclude that all the inequalities are equalities and the 
Hessian of (3 is given by 



(Pii) = 



Moreover, the holomorphic bisectional curvature involving the u\ — \{e\ — \f—lJe\) direc- 
tion must be of the form 

(1.13) R llfj = -{l + 5 l0 ). 

Let us now consider the level set of (3 given by 

N t = {xeM\(3(x) =t}. 

Since |V/3| = 1, M is diffcomorphic to R x Nq and e\ = V/3 is the unit normal vector to 
N t for all t. In particular, we can compute the second fundamental form (hij) of Nt with 
respect to the unit normal V/3 using the hessian of (3 and obtain 











.. 







-2 





.. 


. 








-1 


.. 


. 











-1 .. 


. 


Vo 








.. 


. -1/ 



(1.14) 



-2 


when 


i = j = 2 


-1 


when 


i = j>2 





when 


i ^ 3- 



Using the set of orthonormal coframe {771,7/2, • ■ • ,V2m} dual to the orthonormal frame 
{ei, e2, . . . , e 2m }, we have the first structural equations 



di]i = Vij At)j, 
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where rjij are the connection 1-forms satisfying the condition 

Vij + Vji = 0. 

For 2 < i, j < 2m, since 

Vn{ej) = (V ej .ei,ei) 
= —hji 

is given by the second fundamental form of N t , we have 

'0 for ijt j 



for 
for 



i = j = 2 
3 < i = j < 2m. 



In particular, 
(1.16) 
and 
(1.17) 



V21 = 27/2 



for all 3 < a < 2m. Also note that for any vector X, 

Va2(X) = (Vxe„,e 2 ) 
= (Vxe Q , Jei) 
= -<JVxe a ,ei> 
= -(VxJe a ,ei), 

hence using Je 2 k+i = &2k+2, Je-2k+2 = —e 2 k+i and (1.14), we conclude that 



»7a2(ej) = < 



Therefore, we have 

(1.18) 

and 






for 


I— 1 


for 


1 


for 





for 



.7 = 1 

a = 2fc + 1, j = 2k + 2 and for some 1 < k < 
j = 2k + 1, a = 2k + 2 and for some 1 < k < 
j = 2. 



»7(2fc+l)2 = -?7(2fc+2) 



(1.19) 



V(2k+2)2 = V(2k+1) 
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for 1 < k < m — 1. The second structural equations assert that 

dr]ij - ri ik A i] k j = ^Rijki Vi^Vk, 

where Rijki is the curvature tensor of M. In particular, applying (1.16), (1.17), (1.18), (1.19), 
and the first structural equation, we have 

m — 1 m — 1 

df]l2 ~ Via A T] a2 = -2dl] 2 - ^ ^(2fe+l) A V(2k+2) + ^ T l(2k+2) A V(2k+1) 

fe=l fe=l 
2m m— 1 

= -2r?2i A 771 - 2 ^ T] 2a A 7/ Q + 2 ^ »7(2fc+2) A r?( 2fe+ i) 

a=3 fc=l 
m— 1 

= — 4772 A m - 2 ^ ?7(2fe+2) A r?(2fc+i). 

This implies that 

(1.20) i? 1212 = -4, 

(1-21) -Rl2(2fc+l)(2fc+2) = -2 

for 1 < k < m — 1 , and 

(1-22) -Rl21a = = R\22a 

for 3 < a. < 2m. Similarly, for 1 < k < m — 1, 

2m 

dr)i(2k+i) - V12 A r? 2 (2fe+i) - X ^ A ^(2*+i) 

/3=3 

= -??(2fe+i) A 7?i - ?7(2fc+ 2 ) A ?7 2 

and 

2m 

dr)i(2k+2) - Vl2 A r/2(2k+2) ~ X ^ A T )P(2k+2) 

/3=3 

= -?7(2fc+2) A r/i + 77( 2 fc+i) A ?7 2 . 

Hence, 

(1-23) -Ri( 2 fe+i)i( 2 fe+i) = -1, 
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(1-24) -Rl(2fc+l)2(2fe+2) — -lj 

and 

R\(2k+l)li = = J?l(2fc+l)2j 

for all i 7^ 2k + 1 and j ^ 2k + 2. We also have 

(1-25) -Rl(2fc+2)l(2fc+2) = -1; 

(1-26) -Rl(2fe+2)2(2fc+l) = 1, 

and 

-Rl(2fe+2)lj = = i?l(2fe+2)2i 

for alii ^ 2k + 1 and j ^ 2k + 2. 

Recall that since |V/3| = 1 is constant along each level set N t , the integral curves for 
the vector field V/3 are all geodesies. Moreover, the flow <fi t ■ M — > M generated by V/3 
is a geodesic flow, and 4> t maps iVo to N t . For a fixed point p G TVo, let r be the geodesic 
given by r' = V/3. Then the vector fields 14(0 = d<j>t(€i) are Jacobi vector fields along r for 
2 < i < 2m, where €\ denotes the restriction of e, on No. 

We claim now that 

V 2 (t) =er 2t e 2 

and for each 3 < a < 2m, 

V a {t) = e"*e a . 

In particular, this implies that the metrics on the level surfaces Nt being viewed as a one 
parameter of metrics on Nq can then be written in the form 

2m 

Q=3 

where {u 2 , 0J3, u>4, . . . , uo 2m } is the dual coframe to {e 2l S3, S4, . . . , e 2m } at N n . Hence, the 
metric of M is given by 



2m 



(1.27) ds 2 M =dt 2 + e- 4t cj 2 2 + J2^ 2t ^l 

a=3 

Indeed, since e 2 = Je\ = J(V/3) at every point and J commutes with the connection, e 2 
must be a parallel vector field along r. We claim that V(t) = e~ 2t e 2 is a Jacobi field along 
r. Indeed, 

V T ,{e- 2t e 2 ) = -2e- 2t e 2 

and 

V T ,V T ,(e- 2t e 2 ) =Ae- 2t e 2 . 
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Also, according to (1.13), 



Equation (1.22) also implies that 



(R T ' e2 T, e 2 ) = i?i2i2 
= -4. 



(R T i e2 r ,e a ) — R\2ic 
= 0. 



Hence the vector field V(t) satisfies the Jacobi equation 

V T 'V T /V(t) = -R t , v t'. 



On the other hand, 
and 



V 2 (0) = # (e 2 ) = e 2 



V T ^ 2 (0)=V Va e 1 (p) 
= V e2 ei(p) 

2m 

= -2e 2 , 

since ei and V" 2 can be viewed as tangent vectors of a map from a rectangle. Uniqueness of 
Jacobi field now asserts that V^i) = V(i). 

For each 3 < a < 2m, the Jacobi fields V a (t) along the geodesic r has initial conditions 

(1.28) K*(0)=e Q 
and 

(1.29) V T ,V a (Q)=V ea e 1 ( P ) 

2m 

= h a j ej 

— e a- 

The Jacobi equation, (1.20), and (1.22) imply that, 

(V a ,e 2 )" = (V T ,V T ,V a ,e 2 ) 
= -(Re 1 v c ,ei,e 2 ) 

= —R\2\2 (V a , e 2 ) — i?i 7 i2 (V Q , e 7 ) 
= 4(y Q ,e 2 ). 
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On the other hand, using the initial conditions (1.28) and (1.29), we see that 

(T4,e 2 )(0)=0 

and 

(^,e 2 )'(0) = -(e a ,e 2 )(p) 
= 0, 

hence we conclude that (V a ,e 2 ) = along r. In particular, V a belongs to the distribution V 
spanned by the vectors {e^, . . . , e 2m }. Similarly, using (1.22), (1.23), and (1.25) we see that 
for 3 < 7 < 2m with 7 7^ a, 

(V a , e 7 )" = -i?i2i 7 (V a , e 2 ) - Rwiy (V a ,e e ) 
= 04, e 7 ) 

with initial conditions 

(T4,e 7 )(0) = 

and 

(V r a ,e 7 )'(0) = 0. 

We conclude that (V Q ,e 7 ) = along r. In particular, V Q = f(t)e a for some function /(i). 
Since the second fundamental form restricted on the subspace V is given by the negative of 
the identity matrix, we conclude that f(t) = e~ l and 

V a (t) = e-*e Q . 

We will now use (1.27) to compute the curvature tensor of M and hence N n . For the 
convenience sake, we substitute —t by t and rewrite (1.27) as 

2m 

ds 2 M =dt 2 + e it ujl + Y j e 2t u J l. 

a=3 

Note first the Guass curvature equation asserts that 

Rijkl = Rijkl + huhkj — hkihij, 
where Rijkl is the curvature tensor on Nq. In particular, 



(1.30) Rijkl — 



' Rijkl 


+ 5, 


iSkj — 5k 


iSij 




if 


3 < 


k, I < 2m 


Rijkl 


+ 2 


if 


2 = 


i 


= I 


and 


3 < k = j < 2m 


Rijkl 


+ 2 


if 


2 = 


k 


= 3 


and 


3 < i = I < 2m 


Rijkl 


- 2 


if 


2 = 


i 


= k 


and 


3<j=l<2m 


Rijkl 


- 2 


if 


2 = 


3 


= I 


and 


3<i=k<2m 


K Rijkl 




otherwise. 
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Since 



and 



m = dt, 

T] 2 = e 2t u; 2 , 



r] a = e* uj a for a = 3, . . . 2m, 



we obtain 

(1.31) d m = 0, 



2m 



(1.32) drj 2 = 2e 2t rji Alu 2 + e 2t ^2LU 2a Au, 

a=3 
2m 

= -2l] 2 A T]i + e* W 2q A JJ a , 



Q=3 



and 



(1.33) dry a = e* ryi A o> Q + e* o> a2 A W2 + e f w Q( 3 A 

= -Jy Q At/i + e~* uj a2 A ?72 + w Q/3 A 77/3, 

where Wij are the connection forms of N - In the above and all subsequent computations, 
we will adopt the convention that 3 < a, [3 < 2m, 2 < i,j < 2m, 2 < s,t < to, and 
1 < P, q < 2m. 

Note that by (1.18) and (1.19), 

(1-34) W 2 ( 2s -1) = -W( 2s ) 

and 

(1-35) W 2 (2 S ) = W(2 S _1). 

Equation (1.32) and (1.33) imply that the connection forms are given by 

(1.36) 7712 = -T721 

= 2772, 

(1.37) ?7i Q = — 77„i 

= Va, 

(1-38) ?7(2s-l)/3 = -Vp(2s-1) 

= iu {2s _ 1)fj + (l-e- 2t ) m if /? = 2« 
\ u {2s -i)0 if /? 7^ 2s, 
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(1.39) 

and 
(1.40) 



V(2s)0 — ~Vp(2s) 

= {cu {2s)p -(l-e- 2t ) m if = 28-1 
[ uj (2s ) f 3 if P ^ 2s - 1, 



V2a = -Va2 



= e uj 2a - 

Indeed, if we substitute (1.36) and (1.40) into the first structural equation 

dm = mi a m + ma a -q a 

we obtain (1.32). Also, using (1.34), (1.35), (1.37), (1.38),and (1.40), we have 

*7(2s-l) = »7(2s-l)l A m + '7(25-1)2 A m + V(2s-l)P A VP 

= -»?(2 S -i) A ??i - e* w 2(2s _i) A 772 

+ W(2 S _i)/3 A »fl9 + (1 - e~ 2t ) 772 A ?7(2 S ) 
= -»?(2s-l) A m + er 2t T)(2 S ) A m + W( 2s -l)/3 A 77/3, 

validating (1.33). A similar computation also validates (1.39) 

To compute the curvature, we consider the second structural equations. In particular, 



df)\2 - Via A Va2 = 2dm - X] »?(2s-l) A ?7(2 S ) + ^ ^( 2 s) A »7(2s-l) 

s=2 s=2 
m 

= -4772 A?7i +2^77 (2s _i) A7? (2s ), 



s=2 



hence 



(1.41) 



Also, 



R\2ij — < 



-4 
-2 



if i = l,j = 2 

if i = 2s-l,j = 2s 



otherwise. 



*?ia - V12 A ?72a - r?i/3 A r)p a = r) al A 771 + Va2 A m + Vap A vp - 2/72 A ma -I/3A 77/30 

= -J? a A 771 - e* 772 A w 2a 

-»?(2s-i) A 771 +772 A?7 (2s) if a = 2s-l 
~V(2s) A 771 - 772 A r7(2 5 _i) if a = 2s 
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hence 



(1.42) R laij = 



-1 if i = l,j = a 

1 if a = 2s - l,i = 2s, j = 2 

-1 if a = 2s,i = 2s-l,j = 2 

otherwise. 



Moreover, 
(1.43) 

dr) 2a ~ Tfcl A Tfia - T]2/3 A T\fi a 

{d(e* w 2q ) + 2?72 A r/ a - e* w 2(3 A + e*(l - e~ 2t ) w 2(2s ) A ry 2 , a = 2s - 1 
d(e* w 2a ) + 2772 A ry Q - e* w 2/3 A - e*(l - e~ 2t ) w 2 (2 5 -i) A r? 2 , a = 2s 

= e* wi A w 2 „ + ^e t R 2a ij ujj Au>i- 2r/ a A r\ 2 + e*(l - e _2t ) w Q A ry 2 

-»7i A J?( 2s ) + \^R 2a ij ujj AWj- 2t7 q A t? 2 + (1 - e~ 2 *) r] a Ar] 2 , a = 2s - 1 
»?i A ??( 2s _i) + ^e t R 2a ij Wj AUi- 2r\ a A i] 2 + (1 — e~ 2t ) i] a A r] 2 , a = 2s, 

where fi 2 3ij is the curvature tensor of iV . In particular, 

(1.44) X M (e 2 , e a ) = e" 24 ^ (e 2 , e a ) - 1 - e" 24 , 

where Kq is the sectional curvature of No, On the other hand, (1.41) and (1.42) together 
with the Kahlcr condition imply that the curvature tensor involving the e 2 direction is 
completely determined. 

K M (e 2 , e a ) = K M (ei,Je a ) 
= -1. 

Combining with (1.44), we conclude that 

K (e 2 ,e a ) = 1 

for a = 3, ... , 2m. Equation (1.43) also implies that 

-R 2a2/ 3 = e~ 2 * E 2q2/3 for /3 ^ a 

and 

e R 2a p~ r 

Again, using 

R<2(2s)ij = ^l(2s-l)ij 
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R2(2s-l)ij — —Rl(2s)ij 

and (1-42), we conclude that 

R2a20 = for 7^ a 

and 

R-2a/3f = 0, 

hence 

R2a2f3 = for ^ a 

and 

R2aPj = 0. 

It remains for us to compute the curvature tensor in the directions involving only e a for 
3 < a < 2m. Following the computation of the second structural equations, using (1.34), 
(1.36), (1.37), and (1.40), we have 

(1.45) 

dV(2s-l)(2s) - »7(2s-l)l A Vl(2s) - »7(2s-l)2 A %(2s) ~ ^(2s-l) 7 A 7/ 7 ( 2s ) 

= dW(2 S -i)(2 S ) + 2e~ 2 * »7i A 772 + (1 - e~ 2t ) c/772 + r7(2 S -i) A V(2s) 

It 

+ e w 2(2s-l) A L0 2 (2s) - w (2s-l) 7 A ^>^(2s) 

= dw(2s-i)(2«) _ ^(2s-i)2 A w 2 ( 2;s ) - W( 2s _!) 7 A w 7(2;s ) + 2e~ 2 * 771 A i] 2 

- 2(1 - e- 2t ) 772 A 771 + (1 - e~ 2 *)e* w 27 A r/ 7 
+ »?(2s-i) A 77 (2s) + (1 - e 2t ) w (2s ) A W(2 S _i) 

1 - _ 2 , 

= 2' R (2s-i)(2 S ) 4 j Uj Awi + e 77( 2s ) A r7( 2s -i) + 2r?i A 772 

m 

- 2(1 - e~ 2t ) r7 (2r) A 7?( 2r _i) - 2-q {2s) A 77( 2s -i) • 

r=2 

This implies that 

(1.46) if A f(e 2s -i,e 2s ) =e- 2t (ifo(e 2s -i,e 2s ) + 3) -4. 

Equation (1.45) also implies that 

(1-47) -R(2s-l)(2s)(2r-l)(2r) ~ ^ (^(2a-l)(2s)(2r-l)(2r) + 2) - 2 

for r ^ s, and 

(1-48) #(2s-l)(2s)a/3 = e ~ 2 ' -R(2s-l)(2s)a/3 
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for a 7^ 2s — 1, 2s, /3 ^ 2s — 1, 2s, and a ^ 2r — 1 when (3 — 2r. For r ^ s, we compute 

*7(2s-l)(2r- 1) - »?(2s-l)l A r/l( 2r -l) - »?(2s-l)2 A ??2(2r-l) - ^(2 S -1) 7 A J? 7 ( 2r --1) 

= ^(2s-l)(2r-l) + »?(2s-l) A V{2r-1) + J 7(2s) A ??( 2r ) ~ w (2s-l) 7 A W 7 (2r-1) 
- (1 - e~ 2t ) 772 A W (2s )(2r-1) + W( 2s _i)(2r) A (1 - e" 2 *) 772 

= 2^(2a-l)(2r-l)ij w j A Wj - W( 2s ) A CJ( 2r ) + f?(2s-l) A r/( 2r _i) + r?( 2s ) A 77( 2r ) 

1 - _ 2t 

= 2 i? (2s-l)(2r-l) JJ AUi-e T7(2s) A V(2r) + V(2s-1) A V(2r-1) + V(2s) A »?(2r))| 

where we have used the fact that the Kahler condition implies that 

w (2s)(2r-l) = — W( 2s _l)(2r)- 

This implies that 

(4.49) ^M(e 2s _i,e 2r _i) = e~ 2t if (e 2s -i, e 2r _i) - 1, 

(4.50) #(2s-l)(2r-l)(2s)(2r) = e ~ 2 * (-R(2s-l)(2r-l)(2s)(2r) + 1) ~ 1- 

A similar computation also yields 

dT)(2s)(2r) - »7(2a)l A 7/i( 2r ) - /7( 2s )2 A f?2(2r) - »7(2s) 7 A r7 7 ( 2r ) 

= ^-R(2s)(2r)ij W J Aw, + (e~ 2 * - 1) »?( 2a -l) A V(2r-1) - »?(2r) A 7?( 2s ) , 

implying that 

(4.51) K M {e2s, e 2r ) = e~ 2 * K (e 2s , e 2r ) - 1. 
Finally, we compute for s^r, 

*?(2s-l)(2r) _ ^(2s-l)l A ?7i( 2r ) - »?(2 S -1)2 A 77 2 (2r) - »7(2s-l) 7 A ?? 7 ( 2r ) 

= 2^(2a-l)(2r)ij A + »?(2a-l) A 7?( 2r ) - 7?( 2s ) A 7?( 2r _i), 

implying that 

(4.52) ^M(e 2s -i,e 2r ) = e~ 2t if (e 2s -i, e 2r ) - 1. 

If M has bounded curvature, then equations (4.16), (4.17), (4.18), (4.19), (4.50), (4.51), 
and (4.52) assert that all the terms involving the e~ 2t factor must be zero. Hence, we 
conclude that 

^Af(e 2s -i,e 2s ) = -4, 
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-R(2s-l)(2s)(2r-l)(2r) — ~ 2 for T ^ S, 

R{2a-l)(2s)af3 = 

for a ^ 2s - 1, 2s, /3 ^ 2s - 1, 2s, and a ^ 2r - 1 when (i = 2r. Also, 

Km(b2s-1, e2r-l) = — 1, 
#(2s-l)(2r-l)(2s)(2r) = _ 1> 

K M (e2s, e 2r ) = -1, 

and 

#M(e2s-l,e2r) = -1- 

In particular, these determined the whole curvature tensor for M and No, and M must have 
constant holomorphic bisectional curvature, hence must be covered by CH m . In this case, 
to see that N is a compact quotient of the Heisenberg group, one first observes that since j3 
has no critical point N must be a compact quotient of a horosphere of CH m . It is then not 
difficult to see (see [B-DR]) that a horosphere is given by the Heisenberg group. □ 

We should take this opportunity to point out that since the lattice consisting of even 
integers in R 2 " 1-1 is a discrete subgroup of the Heisenberg group and their quotient is 
obviously compact, this gives an example of the existence of case (2) in the conclusion of 
Theorem 1.1 when M has bounded curvature. 

One can also construct an example of case (2) when M has unbounded curvature. Indeed, 
let us consider N = S 2 " 1 ^ 1 the unit sphere in C m with the induced contact 1-form uj 2 , that 
is, uj 2 = Jdr, where J is the standard complex structure on C m . Let {uj 2 , ■ ■ .w 2m } be an 
orthonormal coframe of N such that Jw 2s -i = u 2s for 2 < s < m. Since the Kahler form 
on C m is given by 

lo = rdr A lo 2 + r 2 (u 3 A w 4 H h uJ 2m -i A L0 2m ) 

and duj = 0, one concludes that 

(4.53) du 2 = 2(oj 3 A Lu 4 ^ ^ 2m -iAw 2m ) 

on N = S 2 " 1 ^ 1 . Now, wc consider a metric on M — R x N given by 

2m 

(4.54) ds 2 M = dt 2 + e At lo 2 + e 2t ^ u; 2 a 

a=3 

with the almost complex structure defined by Jdt = oj 2 and Jlu 2s -i = u 2s for 2 < s < m. 
One checks readily that this almost complex structure is integrable. Also, using (4.53), one 
concludes by direct computation that the Kahler form associated to the metric (4.54), which 
is given by 
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% = e 2t dt A u>2 + e 2 *(o> 3 A 0J4 + ■ ■ ■ + uj 2m -i A w 2m ), 

must be closed. Hence, M is a Kahler manifold. Finally, from the curvature computations 
carried out above, one sees that it satisfies all the conditions of Theorem 1.1. 

We remark that this construction works for any compact hypersurface N of a Kahler 
manifold so long as the induced contact structure on N satisfies (4.53) and N also satisfies 
a suitable curvature lower bound. 

§2 Locally Symmetric Spaces 

The argument in §1 can be generalized to the following situation. 

Theorem 2.1. Let M n be a complete Riemannian manifold of dimension n. Suppose 
f : (0,oo) — > K is a function with the property that 

lim f(r) = 2a > 

r^oo 

and 

/" oo 

/ (/(r) - 2a) dr < 00 
JRo 

for some i? < 00. Assume that for any point p e M, and if r(x) is the distance function 
to the point p, we have 

Ar(x) < f(r(x)) 
in the weak sense. If M has at least one parabolic end, then 

Ai(M) < a 2 . 

Moreover, if Ai(M) = a 2 , then let -f(t) be a geodesic ray issuing from a fixed point p to 
infinity of the parabolic end, and the Buseman function 

/3(x) = lim (t - r(r/(t),x)) 

t— >oo 

with respect to 7 must satisfy 

A/3 = a 2 , 
|V/3| = 1. 

Hence, M must be homeomorphic tolx N for some compact manifold N given by the level 
set of [3. 

Proof. We may assume that Ai (M) > as otherwise the theorem is trivial. In this case, M 
is nonparabolic. By assumption that M has at least one parabolic end, let us denote E2 to 
be a parabolic end. Then E\ = M \ E 2 is a nonparabolic end. Following the argument of 
Theorem 1.1, let 7 : [0, 00) -^Mbea geodesic ray with 7(0) = p and j(t) — ► £^(00). Also, 
using the inequality on Ar(x), we conclude that 

(2.1) A/3 > -2a 
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and (3 is Lipschitz with Lipschitz constant 1. Setting / = exp(a/3) and using (2.1), a direct 
computation yields 

A/> -a 2 f. 

Following the same argument as in the proof of Theorem 1.1, we obtain 
(2.2) (A!(M)-a 2 ) / ^ 2 f 2 < [ |V0| 2 / 2 - 

Assuming the contrary that Ai > a 2 , we obtain a contradiction if we can justify the right 
hand side tends to for a sequence of cut-off functions (j) unless \\{M) — a 2 and all the 
above inequalities are equalities. 

As in the proof of Theorem 1.1, to estimate the right hand side of (2.2) on the parabolic 
end E 2 , it suffices to show that 

V E2 (R)\V E2 (R-l)<exp(-2a(R-l)). 

This follows from the volume estimate (Theorem 2.1 of [L-W3]) 



V E2 (R) \ V E2 (R - 1) < exp(-2 A(Mj(fl - 1)) 
< exp(-2a(R- 1)). 

For the non-parabolic end E\, we need the fact that 

B p (R) \ B p (R - 1) < cxp{2aR). 

To see this, using the fact that Ar is the mean curvature H(9, r) of dB p (r) in terms of polar 
coordinates centered at p, we have 



J(0,r) < J(0,r o ) exp(J f(t)dtj , 
where J is the area element in polar coordinates. Integrating over the variable 8, we have 

A p (r) < Ap(Ro) exp ^ f(t)dt^ , 

where A p (r) denotes the area of the set dB p (R). Hence using the assumption on /, we 
conclude that 

(Vp(R) - V P (R - 1)) < A p (Rv) [ cxp( f f{t) dt) dr 

JR-l JRo 

<A p (Ro) [ cxp(2a(r - R ) + C) dr 

JR-l 

< C\Ap(R ) exp(2ai?) 
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as needed. In conclusion, Ai(M) < a 2 . 
Following the proof of Theorem 1.1, if 

Ai(M) = a 2 , 

then we conclude that 

(2.3) A/3 = -2a, 



(2.4) |V/3| = 1, 

and /3 has no critical points. In particular, M must be homeomorphic to 1 x JV for some 
compact manifold N. 

The Bochner formula together with (2.3) and (2.4) implies that 

= A|V/?| 2 
= 2/3 2 + 2(V/3, VA/3) + 2Ric n 
= 2/3 2 + 2Ricn 

for the unit vector e x = V/3. Using (2.4) again, this implies that flu — for all i and the 
second fundamental form 77 of a level set of (3 satisfies 

(2.5) \II\ 2 = -Ricn. 

On the other hand, the Gauss curvature equation asserts that for a ^ r, 

K N (e a , e T ) = K M (e a ,e T ) + X a X T 

for an orthonormal frame {e Q }„ =2 on the level set of (3 that diagonalizes II with corre- 
sponding eigenvalues {A Q }^ =2 . Since the scalar curvature of M is given by 



Sm — ^ R-iCii 
i=i 

n 

= RiCn + ^ R-lCaa 

Q = 2 

= 2Ricn + K M (e a ,e T ) 

= 2Ricu + K N{e a ,e T ) - ^ X a X T . 

= 2Ricn + Sn — A a A r , 
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this implies that 

(2.6) S N - S M + 2Ricn = ^ A Q A T . 

On the other hand, (2.3) and (2.4) assert that 

H = -2a 

where H is the mean curvature of the level set of [3. Combining with (2.5) and (2.6), wc 
conclude that 

4a 2 = H 2 

= \II\ 2 + 

= Sn — Sm + Ricn. 

Hence 

(2.7) S N = 4a 2 + S M - Ricn 



and 



Also note that the inequality 



^ A Q A T = 4a 2 + Ricn. 



tt2 

\II?> " 



n-l 



implies that 

(2.8) -{n- l)Ricn > 4a 2 

with equality if and only if A Q = A T for all a and t. □ 

We first observe that the above theorem allows us to recover a theorem proved in [L-W2] . 
Corollary 2.2. Let M n be a complete manifold of dimension n > 2. Assume that 

RicM > — (n — 1) 

and 

Ai(M) > 1 4 > . 

Then M must either have no finite volume end or it must be a warped product M = K x N 
with metric given by 

ds 2 M = alt 2 + exp(2t) ols 2 N , 
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where N is a compact manifold whose metric ds 2 N has nonnegative Ricci curvature. 

Proof. We first observe that the assumption on the Ricci curvature and Laplacian compar- 
ison theorem asserts that 

Ar < (n — 1) cothr, 

hence one checks readily that the function f(r) = (n — 1) cothr satisfies the hypothesis of 
Theorem 2.1 with a = ZL ^-!-. Therefore we conclude that if M has a parabolic end it must be 

homeomorphic to M x N for some compact manifold. Moreover, since Ai(M) = >0, 
an end being parabolic is equivalent to having finite volume. Also, (2.8) takes the form 

— (n — 1) > Ricn 

>-(n-l). 

In particular, (2.8) becomes an equality and we conclude that 

II = - (S aT ) 

is a diagonal matrix. In this case, the metric on M must be of the form 

ds 2 M = dt 2 + cxp(— 2t) ds 2 N . 

A direct computation shows that the sectional curvatures for the sections span by {e\ — 
-§t,e a } is given by 

KM{e\,e a ) = -1. 
The Gauss curvature equation implies that 

KM(e a ,e T ) = K N (e a ,e T ) - 1, 

and hence 

Ric QQ = Ric Qa — (n — 1), 
where Ric aa is the Ricci curvature of N. This implies that 

Ric QQ > 0. 

The theorem follows by setting t to be —t. □ 

Let us now focus our discussion on a special case of Theorem 2.1 when M is an Einstein 
manifold with Einstein constant —7 < 0. In particular, (2.7) and (2.8) become 

S N = 4a 2 - (n - 1)7 



and 



(n - 1)7 > 4a 2 . 
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This implies that Sn < with Sn — if and only if 

TT 2a A 

11 = -d aT . 

n - 1 

In the case of equality, using the same argument as in the above corollary, we conclude that 



ds M = dt + cxp [ - - ^ t J ds Nl 



hence 

4a 2 

K(ei,e a ) = -tj. 

and 

4a 2 

= Ric Qa 
-Wc 

n — 1 

We conclude that N must be Ricci flat. 

The next theorem gives a more detailed description on the conclusion of Theorem D. 

Theorem 2.3. Let M be an irreducible locally symmetric space covered by an irreducible 
symmetric space of noncompact type M — G/K. Suppose \\{M) = Ai(M). Then either 

(1) M has only one end; or 

(2) M is isometric toRx N with metric 

m 

ds 2 M = dt 2 + ^2 CX P {-Zb a t) u 2 a , 

a=2 

where {u>2, ■ ■ - U) n } is an orthonormal basis for a compact manifold N given by a 
compact quotient of the horosphere of M and b a are the nonnegative constants such 
that {— b 2 a } are the eigenvalues of the symmetric tensor 

for a fixed direction e\. 

Proof. If M is of rank one, then it must be either the real hyperbolic space, the complex 
hyperbolic space, the quaternionic hyperbolic space, or the Cayley plane. For the case when 
M is the real hyperbolic space, the theorem follows from the previous work of the authors 
[L-Wl] and [L-W2] as indicated by Corollary 2.2. In this case, the cross section is a fiat 
manifold since M is assumed to have constant —1 curvature and the horosphere of H™ are 
simply Euclidean space In the case when M is the complex hyperbolic space, this 
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was covered by Theorem 1.1. The remaining two rank one cases given by the quaternionic 
hyperbolic space and the Cayley plane are separately studied in [K-L-Z] and [Lm]. 

We may now concentrate our attention on the cases when M is an irreducible symmetric 
space with rank at least 2. In this case, we first observe that using a formula of Matsushima 
[Ma] (generalized by Jost and Yau [J-Y] to harmonic maps) we can rule out the existence of 
a second nonparabolic end for M. Indeed, if M has two nonparabolic ends, then the Tam-Li 
theory asserts the existence of a nonconstant bounded harmonic function, /, with finite 
Dirichlct integral. A special case of Lemma 1 and Theorem 2 in [J-Y] now implies that if 
M is a compact irreducible locally symmetric space of noncompact type with rank at least 
2, then the hessian of / must be identically 0. To apply their argument to our situation, 
we only needs to justify integration by parts in certain steps of their proof. However, as 
in previous argument in this paper, it is sufficient to check that the norms of the gradient 
|V/| and the hessian \fij\ are both in L 2 . The first follows from the fact that / has finite 
Dirichlet integral and the second follows from the standard cut-off argument applied to the 
Bochner formula 



we conclude that |V/| is identically constant which must be identically as M has infinite 
volume. Therefore, / is a constant, which is a contradiction. 

Assume now that M is an irreducible locally symmetric space of rank at least 2 with 
one nonparabolic end and at least one parabolic end. We first observe that Theorem 2.1 is 
applicable here. Indeed, for the geodesic distance function r(x) to a fixed point p on M, 
we may choose a parallel orthonormal frame {ei, e2, . . . , e„} along the normal geodesic j(t) 
from p to x such that ei = j'(t) and {e2, . . . ,e„} diagonizes the curvature tensor R\ a \^ 
with corresponding eigenvalues —b^, a = 2, . . . , n. Then it is easy to sec that 



(2.9) 



A|V/| 2 >2Ric ij / i / j +2|/ ij | 2 . 



Therefore we can now conclude that fa = 0. In particular, because 



|/y| 2 >|V|V/|| 2 , 



n 




Also, one computes that 



Ai(M) = 




Now it is not difficult to see that Theorem 2.1 can be applied to M with 



n 



and 
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2a = ^2 b <*- 

Thus, M has no finite volume end or 

A/3 = a 2 , 
|V/3| = 1. 

In the latter case, following the argument as in Theorem 1.1, wc fix a level set Nq of 
(3 and consider a geodesic r given by r' = V/3 with r(0) G Ao- At the point r(0), let us 
consider the curvature Ri a i^ as a bilinear form restrict on the tangent space of AV In 
particular, there exists an orthonormal frame {ei, e 2 , . . . e„} with ei = r' and e a G TA^o for 
all 2 < a < n such that {e 2 , . . . ,e„} diagonizes R\ a \^. Since M is an irreducible locally 
symmetric manifold of noncompact type, the sectional curvature of M must be nonpositive, 
hence 

Rlalfi b a ^ol^i 

for some b a > 0. We extend the orthonormal frame along r by parallel translating the basis 
{ei, e 2 , . . . , e„}. Since M is locally symmetric, the curvature satisfies 

= 0. 

So 

along r. We consider the vector field 

V a (t) = cxp(-b a t) e a 

and verify that 

V T ,V T ,V a =b 2 a V a . 

On the other hand, 

Rr'V a T' = exp(-6 Q t) Ri a i a e a 
= -b 2 a V a . 

Hence, V a is a Jacobi field along r. Since this is true for all 2 < a < n, we conclude that 
the metric on At must be of the form 

n 

(2.10) ds 2 t = ^exp(-2M)<4, 

where {wq}„ =2 is the dual coframe to {e Q }™ =2 at ^o- In particular, the second fundamental 
form on A^ must be a diagonal matrix when written in terms of the basis {e Q }™ =2 with 
eigenvalues given by {— 6 Q }™ =2 . Moreover, since the Buscman function [3 has no critical 
points, and for any x € N, the curve (t, x ) is a geodesic line which can be used to define 
(3, the level sets N t must be a compact quotient of some horosphere on M. □ 
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§3 NONPARABOLIC ENDS 

In this section, we prove Theorem B. We begin with the following result. 

Theorem 3.1. Let M m be a complete Kahler manifold with complex dimension m > 2. 
Assume that M satisfies property (P p ) for some nonzero weight function p > 0. Suppose the 
Ricci curvature of M is bounded below by 

RIcm{x) > — 4/o(x) 

for all x G M. If p satisfies the property 

lim p(x) = 0, 

then either 

(1) M has only one nonparabolic end; or 

(2) M has two nonparabolic ends and it is diffeomorphic to R x M for some compact 
manifold M. Moreover, the universal covering M of M is given by the total space of 
a fiber bundle N" 1 ^ 1 — > M — > £ over a Riemann surface X. Futhermore, the fibers 
are totally geodesic, holomorphic submanifolds given by N™ 1 ^ 1 . 

Proof. Let us assume that M has at least two nonparabolic ends and hence by the theory 
of Li- Tarn [L-T] , there exists a bounded harmonic function / with finite Dirichlet integral 
constructed as in [L-Wl] . We may assume that inf / = and sup / = 1 with the infimum of 
/ achieving at infinity of a nonparabolic end E and the supremum of / achieving at infinity 
of the other nonparabolic end given by M \ E. In fact, since / has finite Dirichlet integral 
(see [L-T] and [L-Wl]), / must be pluriharmonic [L] and satisfies the improved Bochner 
formula (see [L-W2]) 

(3.1) A 5 > -2/7.9 + . 9 - 1 |V. 9 | 2 
with g = |V/|5. 

We will first show that inequality (3.1) is in fact equality. To see this, let us consider <f> 
to be a non-negative Lipschitz function with compact support in M. Then 

(3.2) / |V(<M| 2 =/ |V0| 2 . 9 2 + 2 / ^ ff (V0,V.g)+/ 2 |Vg| 2 . 
Jm Jm jm Jm 

The second term on the right hand side can be written as 
/ 0. 9 (V0,V.9> = i / (V(0 2 ),V( 5 2 )) 

JM 4 JM 

= -\j tfgAg- 1 - [ ^ 2 |V. 9 | 2 

z JM L JM 

= I f P g 2 - I 2 |v 5 | 2 -i / fgh, 

JM JM L JM 
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where 

h = Ag + 2pg- g-^Vgl 2 . 

Combining with (3.2) we have 

/ |V(0. 9 )| 2 + i / tfgh 
Jm z Jm 

= f tfpg 2 +f |V^|V + f <f>g{V<f>,Vg). 
Jm Jm Jm 

By the weighted Poincare inequality, this becomes 

(3.3) If <j> 2 gh< f |V^|V+/ ct>g{V<f>,Vg). 

L Jm Jm Jm 

Let us choose <ft — i>X to be the product of two compactly supported functions. For 
< S < 1 and < e < |, we set \ to be 



X(x) = < 



on £(0,6e)U£{l-5e,l) 
(-log^-^logZ-log^e)) on £(5e,e)DE 

(-\ogS)- 1 (\og(l-f)-log(Se)) on £(1 - e,l — 6e) f) (M \ E) 

1 otherwise, 



where £(a, b) = {x e M\a< f(x) < b}. For R > 0, we set 

ip(x) = < 



1 on B p {R - 1) 

R-r p on B p (R)\B p (R-l) 
on M\B p (R), 



where r p is the geodesic distance function associated to the metric ds 2 . Applying to the first 
term on the right hand side of (3.3), we obtain 

(3.4) / |V0|V<2/ |V^| 2 X 2 |V/| + 2 / |V X | 2 ^ 2 |V/|. 

Jm Jm Jm 

By the assumption on the Ricci curvature, the local gradient estimate of Cheng- Yau [C-Y] 
(see [L-W2]) for positive harmonic functions asserts that for all Rq > 0, 



(3.5) 



|V/|(x)< (2m -1) sup y/rtfi + CRt 1 ) f{x), 

V B(x,R„) I 



where C is a constant depending only on n, and B(x, Rq) is the ball of radius Rq centered at 
x with respect to the background metric ds 2 M . Let us now choose i?o = ( su Pb(x,-R ) yfp)^ 1 - 
This choice of Rq is possible as the function r — (sup S ( x r ) y/p)^ 1 is negative when r — > and 
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it tends to oo as r — > oo. Let us observe that if y € B{x, Rq), and if 7 is a ds 2 M minimizing 
geodesic joining x to y, then 

r P (x,y) = / y/ p(j(t) dt 

< Ro sup y/p{y) 

B(x,R ) 

< 1. 

This implies that B(x, i?o) C S p (x, 1). Hence (3.5) can be written as 

(3.6) |V/|(aO<C ( sup y/p) f(x). 

\B P (x,l) j 

Similarly, applying the same estimate to 1 — /, we also have 

(3.7) |V/|(x)<C ( sup VP) (WO*))- 

\B p (x,l) J 

At the end E, the first term on the right hand side of (3.4) can be estimated by 
(3-8) / |V^| 2 X 2 |V/| < / p|V/| 

where 

(3.9) fl = EH {B p {R) \ B p (R - 1)) n C(6e, 1 - 5e). 
Recall that (2.10) and Corollary 2.3 of [L-W4] assert that 

(3.10) / pf < C exp(-2i?) 

JEn(B p (R)\B p (R-l)) 

and 

(3.11) / |V/| 2 < C cxp(-2i?). 

J En(B p (R)\B p (R-l)) 

This implies that 



P z < S\B p (R)) / p 
n Jn 

<S 2 (B p (R))(Se)- 2 f pf 
< CS 2 {B p {R)) (5e)- 2 exp(-2fl), 
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where 

S(B p (R)) = sup VP- 

B P (R) 

Hence together with (3.8) and (3.11), we obtain 

(3.12) / | W| 2 X 2 | V/| < C S{B p {R)) (Se)- 1 exp(-2R). 

J E 

Using (3.6), the second term on the right hand side of (3.4) at E can be estimated by 

(3.13) / |V*|V|V/| 

J E 

<{-\o g 5)- 2 [ iv/i 3 .r 2 

J C(Se,e)nEnB p (R) 

<CS(B p (R+l))(-\ogS)- 2 f IV/I 2 /- 1 - 

J C(Se,e)nEnB p (R) 

Note that the co-area formula and Lemma 5.1 of [L-W4] imply that 

iv/l 2 /- 1 

f r 1 f \Vf\dAdt 
< f \Vf\dA f t- x dt 

Jt{b) JSe 

for a fixed level b, where £(t) — {x e M \ f(x) = t}. Since 

/ r 1 dt = -log (5, 

JSe 

together with (3.13), we conclude that there exists a constant C\ > 0, such that, 

(3.14) /|Vx|V|V/| 

J E 

< & S(B P (R+ 1))(- log 5)- 1 . 
Combining with (3.4) and (3.12), we get 

(3.15) / |V0| 2 g 2 < C 2 S(B p (R + 1)) (S^e' 1 cxp(-2i?) + (- log^)" 1 ) . 

J E 

By first letting R — > oo and then letting 8 — > 0, the right hand side of (3.15) vanishes on E. 
A similar estimate also works on M \ E by using the function 1 — / instead. 



C(Se,e)nEnB p (R) 

< 
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To estimate the second term on the right hand side of (3.3), we consider 

(3.16) 2/ 4>g{Vct>,Vg)= [ ^ X 2 (VV, V(.g 2 )) + f ^ x (V X , V(. 9 2 )). 

On _E, the first term on the right hand side can be estimated by 
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(3.17) 



V>x 2 (W>,v( 3 2 )) < / ^x 2 |v^||v( 3 2 )| 
< [ VpIv(. 9 2 )I 

Jn 

P |V(. 9 2 )| 2 



< I / P 

In 



where f2 is given by (3.9). Note that (3.10) asserts that 

(3.18) (<5e) 2 / p < C exp(-2R). 

Also, since the Bochner formula (3.1) implies that 

A( 5 2 ) > -4pg 2 , 
if t is a nonnegative compactly supported function, then 

-4 / rW< / r 2 ( 3 2 )A( 5 2 ) 
Jm Jm 



= -2 / r 3 2 (Vr,V( 3 2 ))- / r 2 |V(«? 2 )| 
Jm Jm 



2\|2 



< 



2/ |Vr|V-i / r 2 |V(. 9 2 )| 2 , 
Jm z Jm 



hence 
(3.19) 
Let us set 



T = < 



I r 2 |V(.g 2 )| 2 <8 / tW + 4 / |Vr| 2 ff 
Jm Jm Jm 



on B p (R-2)U (M\B p (R+l)) 
r p -R + 2 on B p (R - 1) \ B p (R - 2) 

1 on Bp{R)\B p {R-l) 
{R-r p + l on B p (i? + l)\B p (i?). 
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Then (3.19) implies 
(3.20) 



P9* 



f |V( 5 2 )| 2 < C [ 

J B P (R)\B P (R-1) JB P (R+1) 

<CS 2 (B p (R+lj) f |V/| 2 

J BJR+l)\BJR-2) 



' B P (R)\B P (R-1) JB p (R+l)\B p (R-2) 

|V/' 2 

lB p (R+l)\B p (R-2) 

Applying (3.11) to (3.20) and combining with (3.17) and (3.18), we conclude that 
(3.21) f VX 2 (V^,V( 5 2 )) <C{5e)- l S{B p {R+l)) C M-m- 

J E 

To estimate the second term on the right hand side of (3.16) on E, we integrate by parts 
and get 

(3.22) 

/ ^ X (V X , V(.g 2 )) = / ip 2 x (V X , V(.g 2 )) 

JE JC(Se,e)nE 

V>V|V X | 2 



= - / V 2 XA X 5 2 - / 

J£(5e,e)nE J C{ 

-2/ Vx(V?A,Vx).g 2 + / Vxx.9 1 

JC(5e.e)nE Je(e)nE 



l£(8e,e)nE 



Je(8e)nE 



where |V/| v = V/. Using the definition of x and (3.6), the two boundary terms can be 
estimated by 

(3.23) 

/ ^xxug 2 -! ^xx^t-iog^- 1 / ^ 2 /,rV 

Je(e)<lE Ji(Se)r\E J <(e)nE 

< 6^(5^ + 1))(- log 5)- 1 f ^ 2 |V/| 
<C5(B p (i?+l))(-log ( 5)- 1 . 

We can also estimate the term 
(3.24) 

-/ V 2 xA X 5 2 -(-log<5)- 2 / V 2 3 2 (log.f-log5e)|V/| 2 .r 2 

j£(<5e,e)nB J C(8e,e)nB p (R)nE 

^(logJ-log^lV/ 12 : 

'£(<5£,e)ns p (it)n£; 



<CS(n)(-logS)- 2 f V 2 (log/-log(5e)|V/| 2 /- 

j£(c5e,e)nB p (it)n£; 

< CS(ti)(- log (5) ~ 2 / (logt-logJe)^ 1 ^ 

JSe 
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where 5(0) = sup^ y/p with Sl = {i£ M \ r p (x, B P {R) n C(5e, e)) < 1}. Finally, Schwarz 
inequality implies that 

-/ ^V|V*| 2 -2 / *xW,Vx)s 2 </ xV|VV| 2 . 

Hence combining with(3.12), (3.23) and (3.24), we deduce that (3.22) has the estimate 

(3.25) J V 2 X (V X , V( 5 2 )) < C + 1))(- log Sy 1 + | S(Q). 

Note that since / is harmonic with infju / = 0, the maximum principle asserts that for any 
fixed compact set f2, the set £(5e, e) must not intersect O when e is sufficiently small. Hence 
using the assumptions that ds 2 p is complete and 

lim p(x) = 0, 

we conclude that 

S(Q) -» 

as e — > 0. This implies that (3.25) becomes 

^ X (V X , V( ff 2 )) < C S(B P (R + 1))(- log 5)- 1 



E 

which tends to on _E by letting 5 —> 0. Again, a similar argument yields the vanishing of 
this term onM\E. This proves that h must be identically 0. 

Tracing through the proof of (3.1), the equality of (3.1) implies that all the inequalities 
used in the proof must be equalities. In particular, if {ei,e2, . . . ,e2m} is an orthonormal 
frame such that 

(3.26) |V/| ei = V/ 
and 

(3.27) Jei = e 2 , 
then the Hessian of / must satisfy 

(3.28) f a0 {x) = 

for all 3 < a, f3 < 2m and for all x such that V/(x) ^ 0. We also have 

in = — /22- 

Moreover, RicM(ei, ei)(x) = —p{x) for all x e M. 

Since / is pluriharmonic, locally / can be taken to be the real part of holomorphic function 
F. In fact, when lifted to the universal covering M of M, F is globally defined. The Cauchy- 
Riemann equations, (3.26), and (3.27) imply that the level set of F is orthogonal to e\ and 
ei. Moreover, (3.28) asserts that the second fundamental form of the level set of F with 
respect to e\ is identically 0. Taking J of this, we conclude that the second fundamental 
form of the level set of F with respect to ei is also identically 0. Hence, the level sets of 
F are totally geodesic at noncritical points of /. This gives a totally geodesic holomorphic 
fibration of M with fibers given by the level sets of F denoted by N. □ 

The following theorem deals with the case when p is just bounded. Without the help of 
p — > at infinity, we need to impose a stricter assumption on the curvature. 
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Theorem 3.2. Let M m be a complete Kahler manifold with complex dimension m > 2. 
Assume that M satisfies property (P p ) for some weight function p > 0. Suppose the Ricci 
curvature of M is bounded below by 

Ric M (x) > -4(1 - e)p(x) 

for some e > and for all x G M. If p satisfies 

l imi nf^ffl=0, 

-R^oo R 

where S(B p (R)) = sup Bp ^ ^/p, then M must have only one nonparabolic end. 

Proof. Following a similar argument as in the proof of Theorem 3.1 we assume that M has 
at least two nonparabolic ends and we construct a bounded harmonic function /. Again 
using g = |V/| 5 , we have a Bochner formula similar to (3.1), which now takes the form 

Ag> -2(1 -e)pg + g- 1 \Wg\ 2 . 

Inequality (3.3) will now take the form 

/ <j>gh + 2e f <p 2 pg 2 <2( \V </>\ 2 g 2 + 2 [ <f> g (V<P, Vg) , 

JM JM JM JM 

with h = Ag + 2(1 — e)pg — g^ 1 \^g\ 2 which is nonnegative. Hence we conclude that 



e [ <P 2 P9 2 < I |V0| 2 . 9 2 + [ 0ff(V0, 5 ) 

JM JM JM 



or 



<(i+-)/ iv0iv + ! / 

6 JM z JM 



I ^ 2 pg 2 <-(! + -) / m 2 g 2 . 

JM e e JM 



>M fc fc JM 

To get a contradiction, we need only to show that the right hand side tends to with 
the appropriate cut-off function <p. Using the same cut-off function <f> = \ ^ as before and 
applying the estimates (3.12) and (3.14), we conclude that 

(3.29) / V^| 2 g 2 < C S(B p (R +1)) ((^e)" 1 cxp(-2i?) + (- log S)' 1 ) 

JM 

where C is a constant independent of p. First we choose a sequence Ri — > oo with the 
property that 

«w=t/ sw £ +1)) -° 

and then by setting 5 = e = exp(— Ri q(Ri)) , the right hand side of (3.29) goes to 0. The 
theorem now follows. □ 

Theorem B now follows as a corollary of Theorem 3.2. 
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Corollary 3.3. Let M m be a complete Kdhler manifold satsifying 

Ai(M) 
Ric M > - — • 

Then M must have only one infinite volume end. 

We now claim that the value Al ^ 4 M - ) is best possible due to the following class of examples. 
Consider manifolds of the form M — N x £, where TV" 1 " 1 is a compact (m — l)-dimensional 
Kahlcr manifold with Ricci curvature bounded from below by Ricjy > — 1 and £ a Riemann 
surface with constant sectional curvature —1. Moreover, we assume that Ai(S) = j. It is 
easy to see that \\(M) = j and RicM > — 1- However, it is known [L-W2] that S can have 
more than one infinte volume ends. One such case is S = K x S 1 with the warped product 
metric given by ds 2 ^ = dt 2 + coth 2 1 d9 2 . This example shows that the bound on the Ricci 
curvature in Theorem 3.2 and Corollary 3.3 is sharp. 

§4 Parabolic Ends with p — > 

In this section, we will consider the corresponding theorem to Theorem A for Kahler 
manifolds with property (V p ). 

Theorem 4.1. Let M m be a complete Kdhler manifold of dimension m > 2 with property 
(P p ). Suppose the holomorphic bisectional curvature of M is bounded from below by 

Rfifj{x) > for all i ^ j, 

x e M, and for all unitary frame {e\, e 2 , . . . e m }. If p satisfies the property that 

lim p(x) = 0, 

then M has at most 2 ends ifm>3. 

In the case when m — 2, M has at most 4 ends. Moreover, if M has exactly 4 ends, then 

R iifA x ) = -^ L f° raU Mi. 

Proof. Note that by [L-W4] the existence of the weight function p asserts that M must 
be nonparabolic. On the other hand, Theorem 3.2 implies that M must have only one 
nonparabolic end. If M has k ends, with k > 1, then M must have k — 1 parabolic ends. 
The theory of Li- Tarn [L-T] asserts that for each parabolic end E, one can construct a 
positive harmonic function / such that 

lim sup f(x) = oo with ie£ 

x — >oc 

and / is bounded onM\E and 

liminf f(x) = with xeM\E. 

x—>oo 
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According to Lemma 4.1 of [L-W3], if wc let g = |/ Q| g|i then it satisfies the inequality 

(4.1) Ag >-l pg -H^l g -i\ Vg f. 

m m 

Similar to Theorem 3.1, we will show that this inequality is indeed an equality. Following 
the argument of Theorem 3.1, by applying the weighted Poincarc inequality, we obtain 

(4.2) ^/ cf> 2 gh<-(m-2) [ <j>g(V^Vg)+[ |V0|V, 
z Jm Jm Jm 

where 

h = Ag + — pq+ g~ 1 Vd 2 . 

m m 

We need to choose the cut-off function cf) so that the right hand side of (4.2) tends to and 
conclude that h must be identically 0. 

Note that by a theorem of Nakai [N] (also see [N-R]), the positive harmonic function / 
can be taken to be proper on the parabolic end E, i.e., 

liminf f(x) = oo 

for x e E. To deal with the right hand side of (4.2) on E, we define 

1 on £(0,2T)n£ 



= < 



T-^ST-f) on £(2T,3T)r\E 
on £(3T, oo) f~l £. 



After integrating by parts, we have 

(4.3) - f 4>g(V<f>Vg) = -\ f (v^ 2 ,v.9 2 ) 

JE 4 J C(2T,3T)nE 



C(2T,3T)V\E 2 Jg(2T)nE 

where v is the unit normal to the level set £(2T) given by |V/| v = V/. Using the definition 
of 4>, we obtain 

(4.4) 

f A(0 2 ) ff 2 = 2/ |V0| 2 .g 2 + 2 f cfjAcfjg 2 

J C(2T,3T)nE Jc{2T,3T)nE J C{2T,3T)nE 

/ 2 / |V/|V 

JC(2T,3T)nE 



<2T- 2 / |V/| 4 / |/^| 2 

V J£(2T,3T)n£; / W£(2T,3T)n.E 
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Applying the assumption on the curvature and the gradient estimate (3.6), we conclude 
that there exists a constant C > such that 

|V/|(aO<CS(Wi(£(2T,3T)n £))/(*) 
for all x e C(2T, 3T) n £, where 

5 , (iVi(£(2T, 3T) fl£))= sup yfp 

N 1 (C(2T,3T)nE)) 

with the suprcmum taken over the set 

7Vi(£(2T,3T)ni;) = {x\r p {x,C(2T,3T)nE) < 1}. 



Also, since 



= / A/ 

J£(i,t)nB 



u + / /, 

<(i)nfi J£(t)nE 

= -[ |V/|+/ |V/| 

J£(i)n£ Jt(t)nE 

where f is the outward pointing unit normal vector to £(1) and together with the 
co-area formula, the first integral on the right hand side of (4.4) can be estimated by 



(4.5) 

r 3T 

>C{2T,3T)nE J2T J l(t)nE 

r 3T 



I |V/| 4 </ / |V/| 3 <M(t), 

JC(2T,3T)nE J2T J l(t)nE 

<CS 2 (N 1 (£(2T,3T)nE)) [ t 2 [ \Vf\dA(t)dt 

J2T Je(t)nE 



I2T Jl{t)C\E 

< C x S 2 (N 1 (C(2T, 3T)DE))T 3 . 

We will now estimate the second integral on the right hand side of (4.4). Let us observe 
that the Bochner formula asserts that 

A|V/| 2 >2|/ 4 ,f-2m- 2 HV.f| 2 , 

where (fy ) is the real Hessian of /. Multiplying with a cut-off function ip 2 and integrating 
by parts yield 

(4.6) / ^ 2 A|V./f>2 / V 2 \f ij \ 2 -2m- 2 [ V 2 P \V.f\ 2 . 

JM JM JM 
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On the other hand, 

/ ^ 2 A|V./f = -2 f ¥>|V/|<Vv>,V|V/|) 
Jm Jm 

< [ ^ 2 |V|V/|| 2 + / |V^| 2 |V.f| 2 . 
Jm Jm 

Using the inequality 

|/d 2 >|V|V/|| 2 

and combining with (4.6), we obtain 



<P= S 



(4.7) 2m^ 2 / <p 2 p\Vf\ 2 +[ |V^| 2 iVjf > / |/«| 2 . 

Jm Jm Jm 

Choosing 

on £(0,T)u£(4T,oo)U(M\£) 
T^if-T) on C{T,2T)C\E 

1 on £(2T, 3T) n E 
k T _1 (4T - /) on £(3T, 4T) n £, 

we conclude that 

(4.8) 2m- 2 / HV.f| 2 + T- 2 / |V/| 4 > / |/y| 2 . 

Jc(TAT)nE Jc(TAT)nE J C{2T,3T)nE 

By applying (4.5) to the second term on the left hand side and using 
/ P|V/| 2 <S 2 (C(T,AT)nE) f |V/| 2 

Jc(TAT)nE J C(TAT)nE 

< S 2 (£{T, AT) n E) [ ( | V/| dA{t) dt 
Jt Ji(t) 

= dTS 2 (C(T, AT)C\E), 

(4.8) becomes 

C 1 S 2 (N 1 (C(T,AT)C)E))T> f |/ y f. 

Jc(2T,3T)nE 

Combining with (4.5) and (4.4), we obtain 

(4.9) f A(0 2 ).g 2 < C 2 S 2 {N 1 (£(T,AT) n E)). 

J C{2T,3T)r\E 

The second term of the right hand side of (4.3) can be estimated by writing it as 

/ 4> v g 2 = T- 1 f |V/||/ a/5 |. 
Jet2T)nE Jei2T)nE 
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However, the mean value theorem asserts that there exists a T" <G [2T, 3T] such that 
T- 1 I |V/| 2 |/ a/5 |= / |V/||/^|. 

JC(2T,3T)nE Je(T')nE 

The estimate we use for (4.4) implies that 



(4.10) 



C(2T,3T)nE 



|V/| 2 |/ a s| <C 2 S 2 (N 1 (C(T,AT)nE)) 



which tends to as T — > oo by the assumption on p. Hence we conclude that there exists a 
sequence of T' — > oo such that 

K g 2 - 0. 

(2T')n_E 

Together with (4.9), we conclude that the right hand side of (4.3) tends to as T — > oo. 
The second term on the right hand side of (4.2) is given by 



/ 

Jec. 



[ |V0|V=T- 2 / 

JE J CI 



i2 g 2 =T- 2 I |V/| 2 |/ Q/5I 

IC(2T,3T)nE 



and tends to by (4.10). 

We will now consider (4.2) on the remaining manifold M\E. Note that the properness 
of / on E implies that the sublevel set £(0,4e) n E — for sufficiently small e. By taking 
M \ E as a nonparabolic end, we choose < 
we set 





X(x) 



as in Theorem 5.2 of [L-W4]. In particular, 

on £(0,2e) 
e- 1 (f-2e) on £(2e,3e) 

1 on £(3e,oo) n (M\E), 



and 



R-r n 



on 
on 
on 



B p (R-l)n(M\E) 
(B p (R)\B p (R-l))D(M\E) 
M\(B p {R)UE) 

To estimate the first term on the right hand side of (4.2) onM\£, we write 

(4.11) -2 f <j>g{Vct>Vg) = - [ </> X 2 (V^ V(g 2 )) - f yj 2 x(V X , V( 3 2 )) 

JM\E JM\E J M\E 



with 
(4.12) 



/ ^X 2 (V^,V(. 9 2 )) < / ^x 2 |V^||V( 3 2 )| 
Jm\e Jm\e 

< [ Vp|v( 3 2 )| 

' I pY (I |V(.9 2 )I 
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where 

CI = (B p {R) \ B p {R - 1)) n £(2e, oo) f~l (M \ E). 
Note that the estimate (2.9) of [L-W4] asserts that 



4e 2 / p < C exp(-2iZ). 



(4.13) 



Also, since the Bochner formula (4.1) implies that 

A(ff 2 )>--/V + -|V 3 | 2 , 
m m 

if t is a nonnegative compactly supported function, then 



-4m" 1 / rV.9 4 + ™- 1 / r 2 |V(. 9 2 )| 2 < / r 2 ( 5 2 )A( 3 2 ) 
Jm Jm Jm 



= 2 [ r 3 2 (Vr,V(. 9 2 ))- / r 2 |V(. 9 2 )| 2 

< / |Vr|V. 

JM 



Hence 
(4.14) 

Let us set 



r 2 |V( 5 2 )| 2 < 4 / r'pg^ + m / |Vr|V- 
m Jm Jm 



T = < 







on Bp(R-2)U(M\B p (R+l)) 



r p -R + 2 on B p (R - l)\ B p (R - 2) 
1 on B p (R)\B p (R-l) 

{R-r p + l on £ p (i? + l)\B p (i?). 



Then (4.14) implies 
(4.15) 

/ |V(. 9 2 )| 2 <C / 

J BJR)\BJR-1) Jh 



pg 



B p (R+l)\B p (R-2) 



<CS 2 (B p (R+l)\B p (R-2)) [ |V/| 2 . 

Jb p (R+1)\B p (R-2) 

Applying Corollary 2.3 of [L-W4] to (4.15) and combining with (4.12) and (4.13), we 
conclude that 

(4.16) -/ ^ X 2 (V^,V( 5 2 )) <Ce- 1 S(B p (R + l)\B p (R-2)) exp(-2R). 

Jm 
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To estimate the second term on the right hand side of (4.11), we integrate by parts and 
get 

(4.17) 

- / ^ X (V X , V(. 9 2 )) = - / V 2 X (V X , V( 5 2 )) 

J M\E J C(2e,3e)n(M\E) 

= [ v 2 xA Xff 2 + f V>V|v x | 2 

J C(2e,3e)n(M\E) J C(2e,3e)n(M\E) 

+ 2/ V'X^Vx).? 2 - / ^ 2 xx,5 2 

J C(2e,3e)n(M\E) J £(3e)n(M\E) 

+ / V^xx^s 2 , 

Jt(2e)n(M\E) 

where |V/| v = V/. Using the definition of \, the two boundary terms become 



- / 4> 2 XXu9 2 + I ^XX,9 2 = -^ I tfUf-W 

Je(3e)n(M\E) J £(2e)n(M\£) J £(3e)n(M\E) 

< 0. 

Hence (4.17) becomes 

(4.18) -/ ^ 2 x(Vx,V( ff 2 )) <2 / V 2 3 2 |Vx| 2 +/ X 2 W\ 2 g 

Jm\E JC(2e,3e) J C(2e,3e) 



where we have used the fact that 

Ax = on £(2e,3e). 

We will now estimate the first term on the right hand side of (4.18). Using the definition 

of x, tjj and g, we have 



(4.19) 



/ ^V|Vx| 2 <W |v/| 2 |/ Q/ ,| 

JC(2e,3e) J C(2e,3e)nB p (R) 



■>'■{ I iv/l 4 ] I / \f a f 

\j£(2e,3 



a/3 I 

■,3e)nB p (R) I \J C(2t,3t)nB p (R) 



By the gradient estimate, the term 

/ \V.f\ i <CS 2 (N 1 (£(2e,3e)nB p (R))) [ f |V/| 

J £(2e,3e)nB p (ii) J C(2e,3t)nB P (R) 

< de 3 S 2 (N 1 (C(2e,3e)nB p (R))) 
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and (4.19) becomes 

(4.20) / V 2 5 2 |Vx| 2 <C 1 e-^ 2 (AT 1 (£(2e,3e)n J B,( J R)))( / \f aB \ 

JC(2t,3e) \J C(2e,3e)DB p (R) 

The second term on the right hand side of (4.18) can be estimated by 
(4.21) 

/ x 2 |v^|V</ p\f a fi\ 

J C(2e,3e) J C(2e,3e)n(B p (R)\B p (R-l)) 



<([ A ([ \lA 

\JC(2e,3e)n(B p (R)\B p (R-l)) J \J £(2e,3e)nB p (fl) ) 

< S(B p (R) \ B p (R 1)) (26)- 1 exp(-ii) ( / \f a ^ 

\ J C(2t,3e)nB (R) 



I C(2e,3e)!~\B p (R) 

We will now estimate the term involving the complex Hessian. Using (4.7) by setting 
ip = Trj with 

on £(0,e)U(£(4e,oo)n(M\S)) 
e-\f-e) on £(e,2e) 

1 on £(2e,3e) 
e- 1 (4e-/) on £(3e,4e), 



T = < 



and 



we have 



T)(x) = < 



1 on B p (R) n (M \ E) 

R+l-r p on (B p (R+l)\B p (R))n(M\E) 
on M\B p (R+l), 



I \f afj \ 2 < I rV|/^| 2 

J £(2e,3e)nS p (fl) JM 

<2m- 2 [ r 2 V 2 p\Vf\ 2 + 2 f |Vr|V|V/| 2 + 2 / r 2 |Vr,| 2 |V/| 

JM JM JM 

<2(m- 2 + l)/ p\\7f\ 2 + 2e- 2 f |V/| 4 

j£(e,4e)nB p (K+l) J £(e,4e)nB P (R+1) 

<C 1 S 2 (£(e,4e)nB p (R+l)) f |V/| 2 

J C(e,4e)nB p (R+l) 

+ CS(N 1 (C(eAe)nB p (R+l)))e- 2 [ f |V/| 



£(e,4e)nB p (fi+l) 

£(e,4e)nS p (fl+l) 

< C 2 e5 2 (iV 1 (£(e,4e)nB p (i?+l))). 
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Hence, combining with (4.18), (4.20) and (4.21), we conclude that 

- / ^ 2 X(V X ,V( 5 2 )) <C 3 S 2 (N 1 (£(2e,3e)nB p (R))) 
Jm\e 

+ Ce~i e- R S(JVi(r(e,4e) n B p (R + 1))) S(B p (R) \ B p (R - 1)). 
Together with (4.16) (4.11), the first term on the right hand side of (4.2) can be estimated 

by 

-2 f 5 (V0,V. 9 ) 

JM\E 

< Ce- 1 S(B p (R + 1) \ B p (R - 2)) cxp(-2i?) + C 3 S 2 (N 1 {C{2e, 3c) n B„{R))) 
+ C 2 e~i cxp(-i?) S{N x {C(e, 4e) n B p (R + 1))) S(B p (R) \ B p (R - 1)). 

By first letting R — ► oo and then e — » 0, the decay property of p implies that the right hand 
side tends to 0. 

The second term on the right hand side of (4.2) can be estimated by 

/ |V^|V< 2 / x 2 |V<A|V + 2/ |Vx|W, 
J m\e Jm\e Jm\e 

and these two terms on the right hand side can be estimated the same way as is (4.18). 
Hence this term will also tend to 0. In particular, we conclude that equality holds on (4.1). 
Moreover, the weight function p is given by the holomorphic bisectional curvature 

2 

~ —P I fotfi I = (^* _ ^j) > 

where X a are the eigenvalues of (/ Qj g) and hence must be smooth. 
Note that equality of (4.1) can be written as 

(4-22) A|/ Q/5 |^=-1^ F ^H/^I^- 

Since lio^l - ™~ is nonnegative, regularity of the differential equation asserts that it must in 
fact be positive. Moreover, equality of (4.1) implies that inequalities (4.6), (4.7), and (4.8) 
in [L-W4] arc all equalities. Equality for (4.6) in [L-W4] asserts that for each 0, there exists 
a constant a B eC such that 

(4.23) ae\ a = def a & 

for all a. On the other hand, equality for (4.8) in [L-W4] implies that for each a 

(4.24) d a f e o = d a ] m 
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for all 9, i] 7^ a. In particular, when m > 3, (4.23) and (4.24) imply that 

for 9, rj 7^ a. If a a ^ 0, this implies that Xg = X v for all 9, rj ^ a. Using A^ = 0, we 
conclude that 

(4.25) A Q = — (m — l)Xg. 

If there is another 9 ^ a such that ag =/= , then the same argument implies that 

\g = -(m - 1)A Q 

contradicting (4.25) unless A^ = for all (3. This implies that g = at that point, hence it 
must be identically 0, implying / is pluriharmonic and M has only one end. 

At a fixed point p € M, the only situations left are when either all a a — or there exists 
exactly one a a ^ 0. When a a = for all a, then (4.23) implies that d a fgg = for all a and 
9. This implies that 

|V|/ a /| 2 = 

at p. Since g is a non-trivial solution to the differential equation, we conclude that the set 
of regular points must be dense. Hence the set of points at which a a ^ for exactly one a 
is dense in M. At such a point, let us assume a\ ^ and a a = for all a ^ 1. This implies 
that 

(4.26) Ai=-(m-l)A a 
and 

(4.27) d a fg S = for all a ^ 1. 
Moreover, equality of (4.7) in [L-W4] asserts that for any 9, 

(4.28) dgf af3 = for all a ^ (3 and 9 ^ (3. 
On the other hand, since 

= if a ± 1, 

together with (4.28), we conclude that 

(4.29) dgf af3 = for all a ^ (3 and a ^ 1, 
and 

(4-30) = cV 1/5 

= for all (3^1 and ^ (3. 
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Also, taking the complex conjugate of (4.29) implies that 
(4-31) dff a - p = d e f aB 

= for all a ^ and a^l. 

We conclude that 

V/ Q/5 = for all a, ^ 1 and a ^ 0. 
Moreover, the inequality for the curvature asserts that 

R &pp a {^a - A/j) 2 > --^{X a - A/3) 2 

with equality implying that 

(4.32) R im = -JL for a ll £ 1 

since Ai — \p ^ when 0^1. 

Note that by continuity, the validity of (4.26) on a dense set of M implies that it is 
valid on all of M. In particular, by the non- vanishing of g, if e\ is the (l,0)-vector that 
is the eigenvector for (f a g) corresponding to the eigenvalue Ai, then e\ is globally defined 
up to multiplication by a complex number. The subspace S spanned by the other (1,0)- 
cigenvectors {e2, . . . , e m } is also globally defined over C. In particular, (4.27) asserts that 
the function 



S 2 = I /a/9 1 

= v&' 



is constant in the directions given by S, hence S is tangent to the level set of g. Similarly, 
S spanned by {e^, . . . , e„} is also tangent to the level set of g. In particular, if we define 
v = j|^y, then the (1, 0)-vcctor given by \{v - y/^\Jv) must be a unitary multiple of e\. 
In any case, for to > 2, we conclude that 

At ... \ 

^—r ... 

m— 1 

^ ... 

... V-r ) 

m — 1 ' 

where \n\ is a positive function with \f a p\^ = (t^zt) 4 |a*I* satisfying the differential equa- 
tion (4.22). 



(4.33) 
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Note that the same estimate will hold for any (real) linear combination of such positive 
harmonic functions. Indeed, this is clear for the positive linear combination as the result- 
ing harmonic function is still positive. Hence, the preceding argument works without any 
change. In the general case, for the sake of the simplicity of notations, we may assume the 
harmonic function / = u — v, where u and v are two positive harmonic functions constructed 
from parabolic ends E\ and E 2 respectively. We need to argue that the right hand side of 
(4.2) tends to by choosing the cut-off function <f>. In the following, we let £(a, b) denote 
the set {x e M | a < (u + v)(x) <b}. On the set E\ U E 2 , we define 



= < 



1 on 
T _1 (3r-ti-u) on 
on 



On the remaining set M \ (E\ U E 2 ), we choose 



xO) = < 



on 

e~ 1 (u + v — 2e) on 

1 on 



C(0,2T)n(E 1 UE 2 ) 
C(2T, 3T)r\{E 1 UE 2 ) 
£(3T,oo) n (Ei \JE 2 ). 

t> = ipXi where 

£(0,2e) 
£(2e,3e) 

C(3e,oo)n(M\(E 1 UE 2 )), 



and 



ip(x) = \ R-r p 




on B p (R - 1) 

on B p {R) \ B p {R - 1) 

on M\B p (R) 



Now the preceding argument with slight modification again shows the right hand side of 
(4.2) goes to 0. Hence, the equality (4.22) also holds for /. 

Let us consider the case when m > 3. For a fixed point p € M, since the complex hessian 
of / e H is of the form given by (2.33), where ^ is the unique eigenvalue with largest 
absolute value, we define the sets 



H + = {f€H\» f >0} 



and 

H- = {f€H\ii f <0}. 

Obviously, both H + and H~ arc nonempty because / G H + implies that — / e H~ . More- 
over, 7i + n H~ = and Ti \ {0} = H+ U H~ . This is only possible if dimW = 1, hence M 
has at most 2 ends. 

When m = 2, the above argument is not valid since /if is not unique. However, we will 
show that M must have at most 4 ends in this case. Indeed, for a fixed point p e M, let us 
define the map sending / G TL to the unitary eigenvector e\ of (f a g) corresponding to the 
unique positive eigenvalue \i > 0. Since e\ is defined only up to complex scalar multiplication 
and the map is invariant under positive scalar multiplication of /, it induces a map 



F : S(H) — ► CP 1 {T p M) 
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where S(W) is the unit sphere of the vector space Ti and CP 1 (T p M) is the set of complex 
lines in the tangent space of M at p. If dim7Y > 4, then dimS(W) > 3. A simple dimension 
argument implies that the map F cannot be injective. Hence there exists two harmonic 
functions f\ and f% with the same eigenvector with eigenvalues /ii and /i2- After taking an 
appropriate linear combination of /i and /2, we produce a non-trivial harmonic function in 
H with vanishing complex Hessian at p. This gives a contradiction, hence M cannot have 
more than 4 ends. 

When M has exactly 4 ends and dimH = 3, the map F maps a 2-dimensional sphere 
B(H) injcctively into CP 1 (T p M). Since CP 1 is homeomorphic to § 2 , this implies that F must 
be onto. In particular, any (l,0)-vector e\ in T p M can be realized as an eigenvector of the 
complex Hessian of some / eH. Using (4.32), we conclude that all holomorphic bisectional 
curvatures must be given by —p. Since the point p is arbitrary, this shows that 



R. 



af30a 



(X) = - 



p(x) 



for all a ^13. □ 
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